We investigate the average entropy of a subsystem within a global unitary orbit of a given mixed bipartite state in the finite-dimensional space. Without working out the closed-form expression of such average entropy for the mixed state case, we provide an analytical lower bound for this average entropy.
Introduction
In 1978, Lubkin [15] proposed a method of approximating the average entropy for a subsystem of a finitedimensional quantum system in a global pure bipartite state by expanding the entropy as a series in terms of the average traces of powers of the system's reduced density operator, but the convergence of this series was never established. However, the author of recent paper [6] found an exact closed form expression for the average traces, in which Dyer gave a characterization of the convergence of the series.
In fact, Page conjectured in [18] that if a quantum system of Hilbert space dimension mn is in a random pure bipartite state, the average entropy of a subsystem of dimension m n should be given by the simple and elegant formula S m,n = H mn − H n − m − 1 2n , (1.1) where
j is the k-th harmonic number. The average entropy S m,n in (1.1) is also served as a way of understanding the information in black hole radiation. This formula was first proved by Foong and Kanno [7] by using Fourier transform, and next by Sánchez-Ruiz [20] and by Sen [19] by using random matrix theory connected with generalized Laguerre polynomials. Some years later, Lachal [14] used a probabilistic approach to give a re-derivation of Page's formula. Recently, Zhang [23] has shown that if a quantum system of Hilbert space dimension mn is in a random pure bipartite state, the average diagonal entropy of a subsystem of dimension m n should be given by the simple and elegant formula 2n (see also [26] for another approach).
We know that a random pure state can be generated by a unitary operator chosen uniformly according to Haar measure µ. Thus the above problem can be equivalently described as follows: Consider a complex quantum system AB which consists of two subsystems A and B. For a given pure state ρ AB = |ψ AB ψ AB |,
where S(ρ) := − Tr (ρ ln ρ) is the von Neumann entropy. Along this line, in a very recent paper [3] ,
Christandl et al computed exactly the eigenvalue distributions of reduced density matrices of multipartite pure state by employing symplectic geometric method. Here we ask: can one have an analogous formula for a given mixed bipartite state ρ AB ? This question has been paid no or little attention to the best of our knowledge. In this note, we will make an attempt to determine the average entropy of a subsystem along a global unitary orbit of a given mixed bipartite state.
In fact, recently, many researchers studied various problems along a unitary orbit of a quantum state.
For example, the total correlation attained between the subsystems of a bipartite quantum system is constrained if the bipartite system undergoes global unitary evolutions. The authors of Ref [11, 12] investigated related problems motivated by some considerations in the field of quantum thermodynamics.
They have not only obtained the value of the maximal quantum mutual information (QMI), but also the maximum QMI state in the balanced bipartite quantum systems. Unlike the maximum QMI case, finding the minimum QMI state on the unitary orbit is more difficult than finding the maximum QMI state in general. Luckily, they completely solved this minimum QMI state for two-qubit case. Besides, Zhang and Fei investigated relative entropy and fidelity between two unitary orbits of two states, respectively [24] .
They have obtained a lot of compact expressions for some extremal values under consideration. We have already known that any bipartite quantum state can be diagonalized under the global unitary conjugation but cannot be achieved in general under the local unitary conjugations. Because of this, Zhang et al considered the fidelity between one bipartite quantum state and another one undergoing local unitary dynamics [25] . The problems are related to the geometric measure of entanglement and the distillability problem.
Besides the above mentioned works, there is also one, where Oszmaniec and Kuś [17] where
We see from this formula
Theoretically, although the specific formula for a n can be obtained [4, 5, 22] , however the specific form of a n will be rather complicated. We can truncate this series (via keeping the first n terms) to obtain an approximation about the average entropy. That is,
3)
The more larger n is, the more tighter lower bound is. But however, the computing about a n is becoming very complicated when n 3. As an illustration, we truncate first two terms as an estimate below. More challenging task is to determine the exact value of the above series.
(i). For n = 1, we have [22] 
Since Γ = Φ * Φ, choose any orthonormal basis {|ϕ j : j = 1, . . . , d B } for subsystem space of B, it follows that
Therefore, 
where
In particular, the first two terms can be given specifically:
8)
where f , g, h are given below:
Moreover, It is left open that the explicit computing of the following integral for a given mixed bipartite state ρ AB :
Remark 2.4. We have already known that for any super-operator Ξ over H d [22] , 
From the above discussion, we see that
That is, 
We see from this that
We also see that 
Some implications
and it follows that
leading to the following identity
This amounts to say that Besides, we also get that
The total correlation attained between the subsystems of a bipartite quantum system is constrained if the bipartite system undergoes global unitary evolutions. The authors of Ref [11, 12] investigated related problems from the field of quantum thermodynamics. Since knowing the maximal possible variation in correlations is useful, it raises the optimization problem, where a search of the maximal and minimal correlated states on a unitary orbit is needed. This is completely solved for two-qubit systems.
In the following, we make an attempt to calculate the average quantum mutual information (QMI) along a unitary orbit of a generic mixed bipartite state. We provide some analytical upper and/or lower bounds for the average QMI and quantum fidelity along a unitary orbit, although we cannot obtain precise formulas for them.
Proposition 3.2. A lower bound for the maximal correlation (defined by relative entropy) within the global unitary
orbit of a mixed bipartite state ρ AB is given as follows
where 
where F(ρ, σ) := Tr √ ρσ √ ρ is the fidelity between two states ρ and σ.
Proof. See Appendix C.
Remark 3.3.
Recently, in [9] the authors introduced a general measure of correlations for two-qubit states based on the classical mutual information between local observables. They focus on (classical) correlations between sets of local observables instead of the quantum vs classical distinction. In this perspective, quantum states can be characterized as a whole by the average amount of (classical) correlations between all pairs of local observables. Under some restrictions, the authors calculated the average mutual information, whose value depends on the state purity, and the symmetry of the correlations distribution.
For the two-qubit case, we apply the spectral decomposition
Due to the invariance under unitary conjugation, we have
The lower bound in (3.9) becomes
We numerically check the bounds in (3.9) by choosing 10000 random points in the probability simplex ∆ 3 and drawing the 3D scatter plot of (P (Λ), c 0 + c 1 Tr
clarity, its three-view drawings are also given by using the corresponding 2D scatter plots: P (Λ) vs. Figure  1 (c); and P (Λ) vs. c 0 + c 1 Tr Λ 2 + c 2 Tr Λ 3 in Figure 1 (d). We also notice that the maximum of 
In fact, not only the value of the maximal QMI is obtained, but also the maximum QMI state ρ max is derived in [11, 12] . Specifically,
for any generalized Bell-state basis |Ω j . Unlike the maximum QMI case, finding ρ min on the unitary orbit is more difficult than finding ρ max in general. Since QMI varies on a unitary orbit completely depends on the sum of two marginal entries, we need to figure out the spectra of two reduced states of all the states in the unitary orbit U ρ . The literature indicates that calculating this set of compatible reduced states with a given spectrum of a global bipartite seems unforeseeable. This is well-known "quantum marginal problem", which is fully solved for two-qubit case [1] and theoretically for two-qubit case [13] . 
With the help of this result, the value of the minimal QMI on a unitary orbit is derived for two-qubit case [11, 12] : 
Here λ ij is a re-indexing of λ k (λ 00 = λ 1 , λ 01 = λ 2 , . . .) and {|i }, {|j } are qubit basis states for subsystems A and B.
By Eq. (3.8) and the concavity of von Neumann entropy, we can draw the following conclusion:
Theorem 3.4. For any generic mixed bipartite state ρ AB , denoting
we have that
where c j (j = 0, 1, 2) are given by (3.5), (3.6), and (3.7), respectively. Furthermore,
In particular, we get a universal entropy inequality: 
where we used the fact that max U I(A : [11] . Apparently, this upper bound is true
and moreover it is trivially since S(ρ ′ X ) ln(d X ), where X = A, B. Thus the following inequality is always true
(3.17)
In view of this, we get a tighter upper bound for the sum of the average entropy of two subsystems:
We will check the difference between the upper bound S c 0
AB since we want to identify the range of the sum of two average entropy. Let
Apparently, F 0 over the whole set of states.
Thus in the two-qubit case, we have
AB . Now F is reduced to the following form:
Since F is invariant under unitary conjugation, it follows, via the spectral decomposition ρ = UΛU † of
We see that F is a symmetric function defined over the probability simplex
Next we make numerical analysis of this function defined over the probability simplex. 25) where (λ 1 , λ 2 , λ 3 , λ 4 ) T ∈ ∆ 3 and P ≡ P (Λ) := Tr
Choose random point Λ in the probability simplex ∆ 3 , and then draw the 3-dimensional figure about the 3-tuples (x, y, z) where x = P (Λ), y = − Tr Λ ln 2−P (Λ) 10
AB and S(c 0 + c 1 Λ + c 2 Λ 2 ), we show the 3D scatter plot in Figure 2(a) , where there are 5000 random points used in total. To make things more clear, we also demonstrate 2D scatter plots: Figure 2 
Clearly min U I(A : B|E) ρ ′ is very important since it gives a lower bound for QCMI:
We can also consider the average QCMI:
(3.26)
All problems mentioned above are beyond the goal of this paper. We will come back to them in the future research.
Remark 3.7. Given a quantum channel E (trace-preserving and completely positive linear map) which is, via Kraus representation, represented as E = ∑ j Ad E j , where Ad E j (X) := E j XE † j . We can use Lemma 2.1 to get the average purity of a unitary orbit of a given state undergoing a fixed quantum channel E . Indeed, by Choi-Jamiołkowski isomorphism [2] 
implying that
where the lhs of the above last formula is just the average purity of a unitary orbit of a given state undergoing a fixed quantum channel E .
Concluding remarks
In this paper, we investigate the average entropy of a subsystem along a global unitary orbit of a given mixed bipartite state in the finite-dimensional space. Although it is still unable to derive the closedform compact formula for the mixed state case, compared with Page's formula, nevertheless we get an analytical lower bound for this average entropy for the mixed state case. In deriving this analytical lower bound, we obtain some useful by-products of independent interest, for instance, for a bipartite quantum system, maximally mixed state can be represented by a uniform probability mixing of tensor products of two marginal states at each point within the global unitary orbit of any given mixed bipartite state. This is amazing. In addition, from the discussion after finishing the proof of Proposition 3.2, we see that the average entropy of a subsystem is intimately related to the well-known "quantum marginal problem" or N-representability in quantum chemistry. Besides, it also connects with entanglement polytope, a notion proposed by M. Walter et al. in studying multipartite entanglement from single-particle information [21] .
These obtained results can be applied to estimate average correlation along a global unitary orbit of a given mixed bipartite state. The corresponding numerics about these results is also provided in lower dimensional case (for instance d A = d B = 2). Except that, the results obtained in the present paper can also be used to study further the average coherence of a class of random states induced from isospectral bipartite mixed states. Indeed, recently we have already calculated exactly the average coherence for random mixed quantum states [23, 26] induced from random bipartite pure states.
Finally, we conclude this section with two open problems: (i) computing the average coherence (via relative entropy of coherence) of a subsystem of isospectral bipartite systems
and (ii) proving the following identity for the balanced system, i.e.,
If (4.2) were true, then we would see from Theorem 2.2 and Theorem 3.4 that
We hope that the present work and questions proposed can bring out more interesting and insightful perspective(s) in quantum information theory.
Appendix

A. The proof of Lemma 2.1
In this paper, we will utilize some notion of matrix integral [4, 5, 22] . The formula in Lemma 2.1 is given firstly. A detailed reasoning is presented here.
The proof of Lemma 2.1. Firstly we note that
Then we have:
In what follows, we compute this value step-by-step.
(1). If (π, σ) = ( (1), (1)), then
(4.29) (14) . If (π, σ) = ( (13), (12)), then (23), (13)), then
(4.45) (22) . If (π, σ) = ( (23), (23)), then
Combing the 36 cases together gives the desired conclusion: 
We are done.
χ λ is called the Weingarten function [4] . In particular, for λ ⊢ 3, we have: 
Hence, for We see from the above lower bound, i.e., − ln(1 − a 1 ), that when the purity of ρ AB decreases, a 1 increases. Hence such lower bound will be tighter.
C. The proof of Proposition 3.2
Clearly, the first inequality is easily obtained 
